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In this work, we develop a model for Higgs-like composites based on two generations of
right handed neutrinos which condense. We analyze the Spontaneous Symmetry Breaking of
the theory with two explicit breakings, setting the different scales of the model and obtaining
massive bosons as a result. Finally, we calculate the gravitational wave imprint left by the
phase transition associated to the symmetry breaking of a generic potential dictated by the
symmetries of the composites.
I. INTRODUCTION
The observation of neutrino oscillations suggests that there must be physics beyond
the Standard Model of particle physics due to the inclusion of right-handed neutrinos that
are sterile with respect to the standard model gauge interactions. These additional states
mix with the usual neutrinos of the Standard Model through Yukawa interactions with the
left-handed leptons. If these new sterile neutrinos become massive, then masses for the
Standard Model neutrinos are also generated by the mixing between the sterile and active
neutrinos. It is important to notice that the right-handed mass scale is not protected by
any symmetry and therefore can take any value. On general grounds, one can assume it
will take the highest possible value.
Despite not being active players of the SM dynamics, as mentioned before, right-handed
(RH) neutrino existence is well-motivated by the evidence of non-zero neutrino masses
provided by the oscillation experiments and by the yet unconfirmed but still intriguing
evidence of reactor and accelerator experiments for additional light sterile neutrino states.
Without any direct experimental evidence, there could be a wide range (from sub-eV to
1015 GeV) for the scale of masses for the right-handed neutrinos.
While Majorana mass terms for the sterile neutrinos could be directly added to the
theory, we wish to explore a dynamical origin of these masses through sterile neutrino
condensates. Inspired by the BHL [1] model of composite Higgs fields, the role of the
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2top quark condensates will be played by a condensate of the sterile neutrinos. The sterile
neutrinos have no SM gauge interactions except for the gravitational interactions which
are flavor neutral. We will assume that gravity or some other flavor neutral dynamics is
responsible for driving the formation of the sterile neutrino condensates. The minimal
model of sterile neutrino condensates will require at least two flavors of sterile neutrinos
to explain the observed neutrinos oscillations.
With two flavors of sterile neutrinos and flavor neutral dynamics, the neutrino conden-
sates will transform as a symmetric tensor representation of the U(2) sterile neutrino flavor
symmetry. The dynamical breaking of this flavor symmetry is triggered by the formation
of the sterile neutrino condensates and a number of composite scalars that will have their
own low-scale interactions. A possible realization of the dynamics involved in the con-
densation can be reviewed in [2] where the gravitational interactions of the RH sterile
neutrinos is the mechanism inducing the condensation. This gravitational attraction, or
different and undetermined short-range interactions, is independent of the sterile neutrino
flavor thus forming composite scalars that are not constrained by the need for neutralizing
their flavor charge implying a larger number of scalar bound states. While there could be
a larger number of sterile neutrinos, we will focus on the minimal set needed to explain
the observed neutrino oscillations which consists of the two flavors mentioned above. The
two-flavor model will generate masses for only two of the three SM neutrinos so one of the
neutrino mass eigenstates will have zero mass.
In the BHL model, the Higgs field is formed as a top quark bound state at a high scale,
Λ. At a much lower scale, the electroweak symmetry is dynamically broken generating
particle masses and a physical Higgs boson. We will explore the nature of flavor symmetry
breaking in the corresponding version of sterile neutrino condensate model.
The reader may wonder what is the interest, if there is any, of an effective theory
that will have to deal with the appearance of new Nambu-Goldstone bosons and pseudo-
Goldstone bosons once its symmetries are broken, and where to fit their masses in a particle
catalogue that is not growing experimentally. However, this is not as troublesome as it
may seem, and we can explore the convenience of these condensates for the treatment of
some theoretical puzzles still unsolved.
One of them would be Cosmological Inflation. Keeping in mind models based on the
same idea we are dealing with here [3], we will propose a series of bosons after symmetry
breaking that could be interesting for this purpose.
3Another possibility would be to explore the prospect of solving the Electro-Weak (EW)
vacuum instability present in the running of the Higgs quartic coupling [4]. Unfortunately,
as we will see, our particular realization of RH neutrino condensation will prove not enough
to fix this situation. RH neutrino composite scalars are a promising line of work for solving
this problem nonetheless.
Additionally, we will address the experimental signature of the phase transition we are
proposing, its imprint in the gravitational wave spectrum. In February 2016, Advanced
LIGO (Laser Interferometer Gravitational Observatory) [5] confirmed experimentally the
existence of gravitational waves. Being the scientifical outbreak of the year, it would
be quite interesting to determine the signature that our phase transition would leave
in the gravitational spectrum. A neutrino condensate would, thus, be recognizable if
a gravitational wave signal matches the theoretical prediction of the phase transition
corresponding to a spontaneous symmetry breaking.
This paper is organized as follows: Section II is dedicated to introduce the scalar fields,
the change into vectorial notation and calculating the Spontaneous Symmetry Breaking
(SSB) of the scalar theory. Section III introduces an explicit breaking in a lower energy
scale and in section IV we persent the last breaking, due to the Yukawa interaction of
the scalar, being the lowest energy scale of the theory. In section V, the print left as
gravitational waves by a potential featuring the same symmetries as the one presented in
this analysis is studied. After that, the conclusions are presented in section VI.
II. SYMMETRIC TENSOR FORMALISM AND SPONTANEOUS SYMMETRY
BREAKING
At the energy scale Λ or due to the finite temperature of the universe, the sterile
neutrinos can be expected to condense due to the attractive interaction of gravity or
some other short-range dynamics. At low energy, the neutrino biliniars effectively become
dynamical composite scalars transforming as a symmetric tensor representation of the
U(2) flavor symmetry of the sterile neutrinos.
The simplest version of this dynamics invokes an attractive four-fermion interaction
between the sterile neutrinos. Following BHL, we can solve for the dynamics of the com-
posite field representing the fermion bilinear operators, ϕij = 〈νiνj〉, where the latin indices
represent sterile neutrino flavor. In analogy to the BHL calculation, we can compute the
effective potential for the scalar field ϕij , generated by integrating out the sterile neutrinos
4at one loop. We obtain:
V (ϕ) =
1
2
λϕ†ijϕjkϕ
†
klϕli −
1
2
M2ϕ†ijϕji (1)
By tuning the parameters of the four-fermion theory, the scalar bilinear fields become
dynamical with the usual kinetic terms. In [2], a calculation of the gravity triggered
condensation is computed using a particular large N limit.
For the sake of clarity we will change this notation to a more compact one which will
also prove to be more convenient. Since we only have three scalars, ϕ11, ϕ12 and ϕ22, we
will change the tensor of scalars into a complex vector formalism ~ϕ = (ϕ1, ϕ2, ϕ3), defined
as:
ϕij = (~σ~ϕiσ2)ij ; ϕ
†
ij = (−iσ2~σ~ϕ∗)ij (2)
Which leaves the previous potential as follows:
V =
1
2
λTr [(−iσ2) (~σ~ϕ∗) (~σ~ϕ) iσ2 (−iσ2) (~σ~ϕ∗) (~σ~ϕ) iσ2]− 1
2
M2Tr [(−iσ2) (~σ~ϕ∗) (~σ~ϕ) iσ2] =
=
λ
2
Tr [(~σ~ϕ∗) (~σ~ϕ) (~σ~ϕ∗) (~σ~ϕ)]− M
2
2
Tr [(~σ~ϕ∗) (~σ~ϕ)] =
= λ
[
2 (~ϕ∗~ϕ)2 − (~ϕ∗~ϕ∗) (~ϕ~ϕ)
]
−M2 (~ϕ∗~ϕ)
(3)
Now, using that the field has an intuitive geometrical interpretation, we can use rota-
tional symmetry to redefine the vector field, beginning with a redefinition of the global
phase that would leave ϕ2 real, a rotation that would make ϕ2 vanish, and a second global
phase shift that would give a real first component, i.e. ϕ1 = S, the second component
would remain ϕ2 = 0 and the third component ϕ3 = R + iI would be a complex field.
Replacing that in the previous equation, we have:
V = λ
[
2
(
R2 + I2 + S2
)2 − (R2 + S2 − I2)2 − 4R2I2]−M2 (R2 + I2 + S2) (4)
5Minimizing it, we arrive to the following gap equations:
A : 2R
[
2λ
(
R2 + I2 + S2
)−M2] = 0
B : 2I
[
2λ
(
R2 + I2 + 3S2
)−M2] = 0
C : 2S
[
2λ
(
R2 + 3I2 + S2
)−M2] = 0
(5)
Their three solutions and vacuum energies are given by:
AB : R, I 6= 0⇒ S = 0, R2 + I2 = M
2
2λ
, E = −M
4
4λ
AC : R, S 6= 0⇒ I = 0, R2 + S2 = M
2
2λ
, E = −M
4
4λ
BC : S, I 6= 0⇒ I2 = S2, R = 0, 4I2 = 4S2 = M
2
2λ
, E = −M
2
8λ
(6)
Thus, we can see that AB and AC are possible ground states whilst BC, with a higher
energy, is not.
The AB and AC solutions each preserve a U(1) symmetry, associated to lepton number
conservation. Thus, the breaking is U(2)→ U(1) and there should be three Goldstone
bosons and three heavy states associated to it. In both cases we can use the residual
U(1) symmetry to align the real ϕ field to be the 3 direction with all other components
vanishing. Hence, AB and AC are really the same solution for the spontaneous symmetry
breaking.
We can compute the mass spectrum by expanding around the vacuum with R = υ,
υ2 =M2/2λ and I, S = 0.
In summary we are left with three massive states, the real longitudinal field and the
imaginary transverse fields, with masses given bym2 = 2M2, and three massless Goldstone
modes, which will remain this way in the absence of any additional symmetry breaking.
III. EXPLICIT SYMMETRY BREAKING TERMS
The explicit breaking of the lepton number can be achieved by adding the following
term to the effective potential presented in equation 3:
∆V1 = −µ2 (~ϕ∗)2 − µ2 (~ϕ)2 + 2µ2 (~ϕ∗~ϕ) (7)
6This term does not shift 〈ϕ〉 but the Goldstone field associated with the imaginary
longitudinal field becomes a massive pseudo-Goldstone boson. The other two fields, asso-
ciated with the real transverse part, remain massless.
The Yukawa interactions can provide the explicit breaking needed to make the remain-
ing two Goldstone bosons massive. This one-loop effective Yukawa interaction can be
written as:
∆V2 ∝
[
ϕ∗ijϕkl
(
Y †Y
)
ik
(
Y †Y
)
ji
]
=
[
~σ~ϕ†
(
Y †Y
)
~σ~ϕ (iσ2)
(
Y †Y
)T
(−iσ2)
]
(8)
Since the factor involving the Yukawa coupling is hermitian, we can write it in the
general form:
(
Y †Y
)
= ~α~σ + β; (~α, β) real (9)
Inserting this into the above expression, we get:
∆V2 ∝ · Tr
[(
~σ~ϕ†
)
(~σ · ~α+ β) (~σ~ϕ) (−~σ · ~α+ β)
]
=2
[
−2
(
~α~ϕ†
)
(~α~ϕ) +
(
~α2 + β2
) (
~ϕ†~ϕ
)
+ 2iβ~α
(
~ϕ× ~ϕ†
)]
(10)
IV. SCALAR POTENTIAL
Now we want to find the last breaking of the model, which will define the smallest
scale associated to it and give mass to the remaining Goldstone bosons. The source of
this breaking will be the effective Yukawa term, as we stated in the previous section. For
that purpose, we write the symmetric tensor file as a complex three vector field ~ϕ.
We presented the explicit symmetry breaking in the last section. In equation 7, we
introduced a term µ2, which breaks lepton number but still preserves rotational symmetry.
After that, we added a second term to the potential in equation 8, with the parameter ~α
representing the symmetry breaking due to Yukawa interactions. Thus, the full potential
will be of the form:
7V =λ
[
2 (~ϕ~ϕ)2 − (~ϕ∗)2 (~ϕ)2
]
−M2 (~ϕ∗~ϕ)− µ2 (~ϕ∗)2 − µ2 (~ϕ)2
+ 2µ2 (~ϕ∗~ϕ)− (~α~ϕ∗) (~α~ϕ) + ~α2 (~ϕ∗~ϕ) (11)
This potential has a minimum where its v.e.v. 〈~ϕ〉 is in the real part of ~ϕ, pointing in
the direction of ~α (defined by the Yukawa interactions):
~ϕ = ~ϕ† = 〈~ϕ〉 ~α (12)
V = λ
[
2 〈~ϕ〉4 − 〈~ϕ〉4
]
−M2 〈~ϕ〉2 = λ
(
〈~ϕ〉2
)2
−M2 〈~ϕ〉2 (13)
At its minimum: 〈~ϕ〉2 =M2/2λ
Now expanding to second order in ϕ fields, the transverse fields part of the potential
will look like:
V =λ
[
4 〈~ϕ〉2
(
~ϕ†T ~ϕT
)
− 〈~ϕ〉2
(
~ϕ†T
)2
− 〈~ϕ〉2 (~ϕT )2
]
−M2
(
~ϕ†T ~ϕT
)
+
+ ~α2
(
~ϕ†T ~ϕT
)
− µ2
(
~ϕ†T
)2
− µ2 (~ϕT )2 + 2µ2
(
~ϕ†T ~ϕT
)2
=
=− λ 〈~ϕ〉2
(
~ϕ†T − ~ϕT
)2
+ ~α2
(
~ϕ†T ~ϕT
)
− µ2
(
~ϕ†T − ~ϕT
)2
=
=~α2 (Re~ϕT )
2 +
(
~α2 + 4λ 〈~ϕ〉2 + 4µ2
)
(Im~ϕT )
2
(14)
While the masses of the pseudo-Goldstone bosons arise as follows: for the real transverse
field, the mass will be m2RT = ~α
2, whilst for the imaginary transverse field, it will have a
value of m2IT = ~α
2 + 4λ 〈~ϕ〉2 + 4µ2 = 2M2 + 4µ2 + ~α2
8Focusing now in the longitudinal fields part of the potential:
V =λ
(
ϕ†LϕL
)2
−M2
(
ϕ†LϕL
)
− µ2
((
ϕ†L
)2
+ (ϕL)
2 − 2
(
ϕ†LϕL
))
=
=λ
(
〈~ϕ〉2 + 2 〈~ϕ〉ϕRL + ϕ2RL + ϕ2IL
)2
−M2
(
〈~ϕ〉2 + 2 〈~ϕ〉ϕRL+
+ ϕ2RL + ϕ
2
IL
)
+ 4µ2ϕ2IL =
=
(
6λ 〈~ϕ〉2 −M2
)
ϕ2RL +
(
2λ 〈~ϕ〉2 −M2
)
ϕ2IL + 4µ
2ϕ2IL
(15)
For which the following masses are obtained:
m2RL =4λ 〈~ϕ〉2 = 2M2
m2IL =4µ
2 (16)
We must note that there are three states associated with the high mass scale M , one
state µ associated with the lepton number symmetry breaking, and two states α associated
with the symmetry breaking induced by the Yukawa interactions.
All in all, the original symmetry is U(2) and breaks to U(1) if we include both symmetry
breaking effects. The U(1) is a preserved rotational symmetry in the space transverse to
the ~α direction.
V. CALCULATING THE GRAVITATIONAL WAVE SPECTRUM FROM THE
PHASE TRANSITION
A Spontaneous Symmetry Breaking (SSB) as the one proposed in section II is a natural
source of gravitational waves. Gravitational waves are in fact sourced by three processes,
the expanding vacuum bubble collisions, sound waves and magnetohydrodynamic turbu-
lences of the vacuum bubbles embedded in the hot plasma [6][7][8][9]. Despite these being
first order phase transition sources, it is stated that a second order SSB can generate this
effects as well.[10]
For the computation of these effects, we choose to put the potential in isovector notation
and consider the couplings after renormalization (see Appendix). The potential then
becomes:
9V = m2 (~ϕ∗~ϕ) +
λ1
2
(~ϕ∗~ϕ)2 − λ2
4
(~ϕ∗~ϕ∗) (~ϕ~ϕ) (17)
In this potential, the mass term is a parameter of the evolved theory (follow Appendix)
and, since in equation 3 we have the negative of M2 extracted (with a positive sign the
squared mass would be negative as expected in a SSB), we will have that sign absorbed as
m2 ∝ −M2. It must be clear that this is a potential compatible with all the symmetries
of the initial sterile neutrino condensate potential we have developed through this article,
with a particular choice of the parameter set to be used as a toy model. It is not meant
to be the ultimate potential describing the sterile neutrino composite Higgs dynamics.
For our estimations we chose this squared mass related to the v.e.v. (equation 6) as∣∣m2∣∣ ≃ 10−2υ. The couplings are selected in a way that the running is stable at every
energy scale (figure 5 in Appendix) with values λ1 = 0.23 and λ2 = 0.94. This is just
one amongst the many choices available for solving this problem, with no other singular
interest. We have selected these particular values for illustration purposes exclusively.
The SSB scale would naturally be much lower than the condensation scale, which
makes it a second order phase transition. However, the difference between scales can be
slightly reduced by fine tuning the value of m2. For that reason, we will explore different
values for υ, and therefore, different values of m2, at the end of this section. Although
the standard line is to associate first order phase transitions with significant gravitational
wave production [9], the potential developed by the RH-neutrino condensate can source
an interesting signal for an appropriate choice of parameters, as can be seen in figures 1
and 2.
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Figure 1: Potential at zero temperature.
Since the fields have two components, one of them complex, a path has been chosen
for the analysis, defining them according to the parameter t as ~ϕ =
(
t/
√
2, 0, t/2 + it/2
)
As we can see in figure 1, the true vacuum of this potential at zero temperature is
not located at 〈ϕ〉 = 0, in agreement to the vacuum of the potential this is inspired in,
presented at section II. At higher temperatures, the vacuum of the theory will be located
at the origin, as shown in figure 2. This temperature dependence is introduced in the
standard way, by adding the following term:
∆VT =
3T 2
2pi2
[∫∞
0 dqq
2 log
(
1− exp
(
−
√
q2 + ~ϕ∗~ϕ
(
g(µ)
T
)2))
+
∫∞
0 dqq
2 log (1− exp (−q))
]
(18)
With two integrals accounting for the three massive bosons and the three massless ones
[9][11]. The v.e.v. will be defined as υ = 1 through the whole calculation, leaving the factor
accounting for its real value in the determination of the gravitational wave frequencies.
11
Figure 2: Evolution of the potential according to temperature, using
V + ∆V as in equation 17 and equation 18 for T = 0.31υ (orange),
T = 0.32υ (blue) and T = 0.33υ (green).
The thin wall approximation [9] has two markers of optimality. The first one is the
gap between the true vacuum (υTC ) at the critical temperature (T ≃ 0.32υ for us) and
the energy at the origin:
ǫ = VTC (0)− VTC (υTC ) ≃ 0.0698 (19)
This value has to be 0 < ǫ ≪ 1, which fits our model. The second reference for
gravitational waves generation comes from the three-dimensional action, defined by:
S3 = 4π
∫ R
0
dr r2VT (υTC ) + 4πR
2
∫ υTC
0
dϕ
√
2VT (ϕ) (20)
Where R is the bubble radius. We choose T∗ = 0.29υ as the temperature that makes
an extreme action (with respect to the bubble radius) of S3/T∗ ≃ S3/TC ≃ 105, which as
explained in [9], maximizes the probability of tunneling from the vacuum at 〈ϕ〉 = 0 to
the true vacuum once the temperature has decreased.
After selecting an appropriate temperature for the transition to leave an interesting
12
gravitational wave signal, we proceed to extracting the relevant parameters, which are α
and β, defined as:
α =
ρvac
ρ∗rad
=
ǫ
g∗π2T 4∗ /30
= 0.97
β
H∗
=
[
T
d
dT
(
S3
T
)]
T֌T∗
= −1600
(21)
Where g∗ = 100 is the number of relativistic degrees of freedom. These two parameters
are everything needed to calculate the frequency spectrum of the phase transition. First,
we define the peak frequencies of bubble walls collisions (col), sound waves in the plasma
(sw) and magnetohydrodynamic turbulences after the collisions (mhd) as:
fcol = 16.5 · 10−6
(
0.62
1.8− 0.1v + v2
) ∣∣∣∣ βH∗
∣∣∣∣
(
T∗ (υ · inGeV)
100
)( g∗
100
) 1
6
Hz
fsw = 1.9 · 10−5
(
1
v
) ∣∣∣∣ βH∗
∣∣∣∣
(
T∗ (υ · inGeV)
100
)( g∗
100
) 1
6
Hz
fmhd = 1.42fsw
(22)
And then, the gravitational waves background gets the following contributions:
ΩGW ∼ Ωcol +Ωsw +Ωmhd (23)
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Defined by:
h2Ωcol = 1.67 · 10−5
(
H∗
β
)2( κcolα
1 + α
)2(100
g∗
) 1
3 0.11v3
0.42 + v2
3.8 (f/fcol)
2.8
1 + 2.8 (f/fcol)
3.8
h2Ωsw = 2.65 · 10−6
∣∣∣∣H∗β
∣∣∣∣
(
κswα
1 + α
)2(100
g∗
) 1
3
v
f
fsw
(
7
4 + 3 (f/fsw)
2
) 7
2
h2Ωmhd = 3.35 · 10−4
∣∣∣∣H∗β
∣∣∣∣
(
κswα
1 + α
) 3
2
(
100
g∗
) 1
3
v
(f/fmhd)
3
(1 + f/fmhd)
11
3 (1 + 8πf/h∗)
(24)
In this expressions, v is the bubble wall velocity (we have chosen v = 1) and the
different κ are the latent heat fractions (we decided to set all of them to κ = 0.5). In
figure 3, the gravitational signal obtained with these equations is represented for different
values of υ.
Figure 3: Gravitational wave signal for different mass and υ energy
scales (1 TeV - Blue, 10 TeV - Orange, 100 TeV - Green, 10−9MP - Red)
compared to detectors reading spectra.
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VI. CONCLUSIONS
Considering at least two generations of right-handed neutrinos has proven quite in-
teresting for addressing several physical problems. First of all, we have determined, after
successive breakings (spontaneous and explicit), that they leave composite scalars at three
different mass scales that could be experimentally found and used as proof of the conden-
sate formation and reveal information about it. Besides, these scalars could be of use for
theories that require additional singlet degrees of freedom at high scales.
Inflation, already considered by [3], would have a new set of particles being plausible
inflaton candidates, a scenario probably worth considering. The composite scalar fields
have a potential that may be interesting for an inflationary model as well.
The aid of these condensates for the stabilization of the Electroweak Vacuum has
been an unfortunate failure, apparently due to having RGE equations with a weaker self-
coupling than that presented in [4], thus not being enough for this purpose.
Besides, since we do not know yet whether the only scalar particle found in Nautre so
far, the Higgs boson, is fundamental (see [12]), this work presents a way to get a spectrum
of scalar particles associated to different energy scales.
However, the implications of these neutrino condensates do not only end there. The
gravitational waves signal hypothetically generated by the SSB of the their potential, es-
timated using toy model parameters, has been determined, obtaining a theoretical predic-
tion that, if correct, would be measurable in the forthcoming years, when the experimental
search of gravitational waves will presumably be a strong research field. Our results (figure
3) show that a value from one to several tens up to few hundred TeV for Λ (see section
V) would be observable by DECIGO and BBO. Nonetheless, we would expect the bosons
coming from the broken symmetries to show up in accelerator experiments too, putting
bounds on the different energy scales present in the theory. A neutrino condensate located
at a very high energy scale (figure 3, in red) would not be observable by any current or
planned detector.
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Appendix: Renormalization of the theory
Majorana fermions:
Let’s stablish first how we jump from the usual Dirac notation to the one that best
suits our study:
γµpµγ
0 = p0 − γ5~σ~p (25)
The RH-neutrino renormalized propagator will be (considering the contributions from
the composite structure of the scalars) of the form:
〈
ψR (x)ψ
†
R (x)
〉
αβ
=
i
(2π)4
∫
d4pe−ip
µ(x−y)µ
(p0 + ~σ~p)αβ
p2
(26)
Which, if we apply the same transformation we are using to change the notation into
the isovector formalism:
(−iσ2)αγ
〈
ψ∗R (x)ψ
T
R (x)
〉
γδ
(iσ2)δβ =
i
(2π)4
∫
d4pe−ip
µ(x−y)µ
(p0 − ~σ~p)αβ
p2
(27)
We define the Majorana mass operators as:
Oψ (x) = (iσ2)αβ ψRα (x)ψRβ (x) ; O†ψ (x) = (−iσ2)αβ ψ∗Rα (x)ψ∗Rβ (x) (28)
That we will include in the fermion bubble function of neutrinos, in order to calculate
this loop contribution:
16
−i
∫
d4yeik
µyµ
〈
Oψ (x)O
†
ψ (y)
〉
=
=− i
∫
d4yeik
µyµ
〈
(iσ2)αγ ψRα (x)ψRβ (x) , (−iσ2)γδ ψ∗Rγ (y)ψ∗Rδ (y)
〉
=
=− i
∫
d4yeik
µyµ (−2) 〈ψRβ (x)ψ∗Rγ (y)〉 (−iσ2)γδ 〈ψ∗Rδ (y)ψRα (x)〉 (σ2)αβ =
=(−2) i
(2π)4
∫
d4p
(p0 + ~σ~p)βγ
p2
(
(p+ k)0 − ~σ
(
~p+ ~k
))
γβ
(p+ k)2
=
=− 2 i
(2π)4
∫
d4p
Tr
[
(p0 + ~σ~p)
(
(p+ k)0 − ~σ
(
~p+ ~k
))]
p2 (p+ k)2
=
=− 2 i
(2π)4
∫
d4p
2pµ (p+ k)
µ
p2 (p+ k)2
=
=− 4 i
(2π)4
∫
d4p
1
p2
+ 2k2
i
(2π)4
∫
d4p
1
p2 (p+ k)2
(29)
These mass operators will appear in the condensation mechanism, a BHL analysis
equivalent to that peformed to the top quark in the literature:
L = GOψ (x)O†ψ (x) = − g
2
G
ϕ∗ (x)ϕ (x)− g
[
ϕ∗Oψ + ϕO†ψ
]
(x)
→ Zϕ∂ϕ∗∂ϕ−∆m2ϕ∗ϕ− 12λ (ϕ∗ϕ)2
(30)
Zϕ
(
µ2
)
= 2g2
1
(4π)2
Ln
Λ2
µ2
(31)
∆m2
(
µ2
)
=
g2
G
− 4g2 1
(4π)2
Λ2 (32)
Where we can see the renormalized mass and kinetic term below the scale Λ, which is
a dummy variable that we will set as the scale where the RH-neutrinos have effectively
condensed.
We can renormalize the four scalar coupling constant in the following way:
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λ
(
µ2
)
=
1
2
g4
(
−i
∫
d4x
)(
−i
∫
d4y
)(
−i
∫
d4z
)〈
Oψ (0)O†ψ (x)Oψ (y)O†ψ (z)
〉
=
=− 1
2
g4
i
(2π)4
∫
d4p 2 (2)3
Tr [(p0 + ~σ~p) (p0 − ~σ~p) (p0 + ~σ~p) (p0 − ~σ~p)]
(p2)4
=
=− 16g4 i
(2π)4
∫
d4p
1
(p2)2
= 16g4
1
(4π)2
Ln
(
Λ2
µ2
)
(33)
Which will leave the following effective couplings at the scale µ (BHL approximation).
g2 → g
2
Zϕ
=
1
2
(4π)2
Ln (Λ2/µ2)
(34)
λ→ λ
Z2ϕ
= 4
(4π)2
Ln (Λ2/µ2)
(35)
Two flavour theory
In this section we will study the dynamical effects of our effective theory of condensed
scalars. Interpreting the symmetric tensor condensate field as an isovector field, the ex-
tension of the mass operators will be:
Oijψ (x) = (iσ2)αβ ψiRα (x)ψjRβ (x) ; O†ijψ (x) = (−iσ2)αβ ψ∗iRα (x)ψ∗jRβ (x) (36)
Leaving the following interaction Lagrangian:
LI = GOijψ (x)O†ijψ (x) = −
g2
G
ϕ∗ijϕij (x)− g
[
ϕ∗ijOijψ + ϕijO†ijψ
]
(x) (37)
Setting the same renormalization constants we have already presented:
→ Zϕ∂ϕ∗ij∂ϕij −∆m2ϕ∗ijϕij − λ
2
(
ϕ∗ijϕjkϕ∗klϕli
)
(38)
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Using now the isovector Notation:
ϕij → 1√
2
(~τ ~ϕiτ2)
ij (39)
⇒Zϕ∂ϕ∗ij∂ϕij −∆m2ϕ∗ijϕij − λ
2
(
ϕ∗ijϕjkϕ∗klϕli
)
=
=
Zψ
2
Tr [∂ ((~τ ~ϕ∗) ∂ (~τ ~ϕ))]− ∆m
2
2
Tr [(~τ ~ϕ∗) (~τ ~ϕ)]− λ
8
Tr [(~τ ~ϕ∗) (~τ ~ϕ) (~τ ~ϕ∗) (~τ ~ϕ)] =
=Zψ (∂~ϕ
∗∂~ϕ)−∆m2 (~ϕ∗~ϕ)− λ
4
(
2 (~ϕ∗~ϕ)2 − (~ϕ∗)2 (~ϕ)2
) (40)
Where Zϕ, ∆m
2 and λ are the same as before:
Zϕ
(
µ2
)
= 2g2
1
(4π)2
Ln
(
Λ2
µ2
)
(41)
∆m2
(
µ2
)
=
g2
G
− 4g2 Λ
2
(4π)2
(42)
λ
(
µ2
)
=
16g4
(4π)2
Ln
(
Λ2
µ2
)
(43)
The computation of the bosonic loops gives (isovector normalization):
L = ∂~ϕ∗∂~ϕ−m2~ϕ∗~ϕ− λ1
2
(~ϕ∗~ϕ)2 +
λ2
4
(~ϕ∗)2 (~ϕ)2 (44)
∆ (λ1) =
[
3λ21 + 2λ1λ2 + λ
2
1
] i
(2π)4
∫
d4p
1
(p2)2
=
=− [4λ21 + 2λ1λ2] 1
(4π)2
Ln
(
Λ2
µ2
) (45)
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∆ (λ2) =
[
3
2
λ22 + 2λ1λ2
]
i
(2π)4
∫
d4p
1
(p2)2
=
=−
[
3
2
λ22 + 2λ1λ2
]
1
(4π)2
Ln
(
Λ2
µ2
) (46)
∆ (λ1) = −λ1 (4λ1 + 2λ2) 1
(4π)2
Ln
(
Λ2
µ2
)
(47)
∆ (λ2) = −λ2
(
3
2
λ2 + 2λ1
)
1
(4π)2
Ln
(
Λ2
µ2
)
(48)
Now adding the fermion loop contribution (conventional definition with bosonic kinetic
term normalized to 1).
∆ (λ1) =
[−λ1 (4λ1 + 2λ2)− 4g2λ1 + 16g4] 1
(4π)2
Ln
(
Λ2
µ2
)
(49)
∆ (λ2) =
[
−λ2
(
3
2
λ2 + 2λ1
)
− 4g2λ2 − 16g4
]
1
(4π)2
Ln
(
Λ2
µ2
)
(50)
The right-handed fermion mass matrix is:
(
MM †
)
ij
= 2gϕik2gϕ
∗
kj = 2g
2 [(~τ ~ϕ) (~τ ~ϕ∗)]ij (51)
And the fermion wavefunction renormalization:
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−→
ϕ
−→
ϕ
−→
ϕ
−→
ϕ
−→
ϕ
∗
−→
ϕ
∗
(a)
−→
ϕ
∗
−→
ϕ
∗
−→
ϕ
∗
−→
ϕ
∗
−→
ϕ
−→
ϕ
(b)
−→
ϕ
−→
ϕ
−→
ϕ
−→
ϕ
−→
ϕ
∗ −→
ϕ
∗
(c)
−→
ϕ
∗ −→
ϕ
∗
−→
ϕ
∗ −→
ϕ
∗
−→
ϕ −→ϕ
(d)
−→
ϕ
−→
ϕ
∗ −→
ϕ
∗ −→
ϕ
∗
−→
ϕ −→
ϕ
(e)
−→
ϕ
−→
ϕ
−→
ϕ
∗
−→
ϕ
∗
−→
ϕ
∗ −→ϕ
(f)
Figure 4: Loops involved in the renormalization of λ1 and λ2.
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(p0 + ~σ~p)
p2
τaiτ2√
2
i
(2π)4
∫
d4k
1
k2
(
(p+ k)0 − ~σ
(
~p+ ~k
))
p2
2g
(−iτ2) τa√
2
(p0 + ~σ~p)
p2
=
= 6g2
(p0 + ~σ~p)
p2
i
(2π)4
∫
d4k
(
(p+ k)0 − ~σ
(
~p+ ~k
)) (p0 + ~σ~p)
p2
·
∫
dαΓ (2)
[
−α (1− α) p2 − (k + αp)2
]−2
=
= − 6g
2
(4π)2
(p0 + ~σ~p)
p2
∫
dα (1− α) (p0 − ~σ~p) p0 + ~σ~p
p2
Γ
(
2− d2
) [−α (1− α) p2]d2−2 =
= − 3g
2
(4π)2
(p0 + ~σ~p)
p2
∫
dαLn
(
Λ2
−α (1− α) p2
)
(52)
Zψ = 1 +
3g2
(4π)2
Ln
(
Λ2
µ2
)
; Zϕ = 1 +
2g2
(4π)2
Ln
(
Λ2
µ2
)
(53)
The Yukawa renormalization is:
g → g
Zψ
√
Zϕ
= g − 3g
3
(4π)2
Ln
(
Λ2
µ2
)
− g
2
(4π)2
Ln
(
Λ2
µ2
)
= g − 4g
3
(4π)2
Ln
(
Λ2
µ2
)
(54)
The perturbative summary is thus made from the following equations:
(
MM †
)
ij
= 2gϕik2gϕ
∗
kj = 2g
2 [(~τ ~ϕ) (~τ ~ϕ∗)]ij (55)
∆
(
g2
)
= − 8g
4
(4π)2
Ln
(
Λ2
µ2
)
(56)
∆ (λ1) =
[−λ1 (4λ1 + 2λ2)− 4g2λ1 + 16g4] 1
(4π)2
Ln
(
Λ2
µ2
)
(57)
∆ (λ2) =
[
−λ2
(
3
2
λ2 + 2λ1
)
− 4g2λ1 − 16g4
]
1
(4π)2
Ln
(
Λ2
µ2
)
(58)
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And the one-loop perturbative beta-functions will be:
βg2 = 16π
2
(
µ2∂µ2g2
)
= 8g4 (59)
βλ1 = 16π
2
(
µ2∂µ2λ1
)
=
[
λ1 (4λ1 + 2λ2) + 4g
2λ1 − 16g4
]
(60)
βλ2 = 16π
2
(
µ2∂µ2λ2
)
=
[
λ2
(
3
2
λ2 + 2λ1
)
+ 4g2λ1 + 16g
4
]
(61)
Which have the potential for Coleman-Weinberg instability if (2λ1 + λ2) < 0 in IR.
BHL boundary conditions of the effective couplings at scale µ (bubble approximation
with Landau poles at µ = Λ).
BHL results:
g2 → 1
2
(4π)2
Ln (Λ2/µ2)
; βg2 = 16π
2
(
µ2∂µ2g2
)
=
1
2
(
(4π)2
Ln (Λ2/µ2)
)2
(62)
λ1 → 4 (4π)
2
Ln (Λ2/µ2)
; βλ1 = 16π
2
(
µ2∂µ2λ1
)
= 4
(
(4π)2
Ln (Λ2/µ2)
)2
(63)
λ2 → −4 (4π)
2
Ln (Λ2/µ2)
; βλ2 = 16π
2
(
µ2∂µ2λ2
)
= −4
(
(4π)2
Ln (Λ2/µ2)
)2
(64)
Note: you would match the actual amplitudes at scale µ, not the beta functions.
[λi +∆(λi)]effective theory = [λi]BHL at scale µ.
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Figure 5: Running of the couplings λ1 (red) and λ2 (blue) with bound-
aries selected for section V.
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